We show how group symmetries can be used to reconstruct quantum states. The method we propose is presented in the context of the two-mode SU͑1,1͒ states of the radiation field. In our scheme for SU͑1,1͒ states, the input field passes through a nondegenerate parametric amplifier and one measures the probability of finding the output state with a certain number ͑usually zero͒ of photons in each mode. The density matrix in the Fock basis is retrieved from the measured data by the least-squares method after singular value decomposition of the design matrix followed by Tikhonov regularization. Several illustrative examples involving the reconstruction of a pair coherent state, a Perelomov coherent state, and a coherent superposition of pair coherent states are considered.
I. INTRODUCTION
The problem of the reconstruction of quantum states was first considered by Pauli ͓1͔ and Fano ͓2͔. Since a quantum system is completely described by its density matrix, the task is essentially to reconstruct the density matrix of a system from information obtained by a set of measurements performed on an ensemble of identically prepared systems. To that end, the seminal work of Vogel and Risken ͓3͔ showed that for a single-mode optical field, the histograms of quadrature amplitude distributions measured by homodyne detection are just the Radon transform ͑or tomography͒ of the corresponding Wigner function. One can thus obtain the Wigner function by taking the inverse Radon transform of the data. Finally, the density matrix in the position representation is obtained from the Wigner function by Fourier transformation. This is the basis of optical homodyne tomography ͓3-6͔. The technique was experimentally realized by Smithey et al. ͓4͔, who obtained the Wigner function and the density matrix of vacuum and quadrature-squeezed states of a mode of the electromagnetic field by using balanced homodyne detection. Much progress has been achieved in this field over the past few years ͓6͔. It is now well known, for example, that one can determine the density matrix directly from the measured quadrature distribution without having to evaluate the Wigner function. Additionally, parallel tomographic schemes such as symplectic tomography ͓7͔ and photon number tomography ͓8͔ have been suggested for the reconstruction of quantum states of the light field which can even be multimode ͓9͔. Other quantum systems for which reconstruction procedures were proposed include one-dimensional wave packets ͓10͔, harmonic and anharmonic molecular vibrations ͓11͔, motional states of atom beams ͓12͔, motional state of a trapped atom ͓13͔, Bose-Einstein condensates ͓14͔, cyclotron states of a trapped electron ͓15͔, atomic Rydberg wave functions ͓16͔, atoms in optical lattices ͓17͔, systems with a finite-dimensional state space ͑e.g., for spin͒ ͓18͔, and states in cavity QED ͓19,20͔. Experimental reconstructions were reported for electronic angular momentum states of hydrogen ͓21͔, vibrational quantum states of a diatomic molecule ͓22͔, and motional states of a single trapped atom ͓23͔. Vasilyev et al. ͓24͔ have reported tomographic measurement of joint photon statistics of the two-mode quantum state produced in parametric amplification.
While extensive work has been done on states of a twomode field, there are very many physical situations in which the state to be reconstructed has certain group symmetry. For example, in the process of downconversion, the two photons are produced together. In this case, the difference in the photon number in the two modes is conserved and the state has the symmetry property of the SU͑1,1͒ group. Clearly, one could benefit considerably from the use of the group symmetry properties in the reconstruction of the state ͓25͔. In a previous publication, one of us discussed how the underlying SU͑2͒ symmetry of a state can be utilized very efficiently for its reconstruction ͓26͔. In this paper, we consider reconstruction of states whose symmetry group is SU͑1,1͒ ͓27͔. The method we propose is demonstrated in the context of twomode states of the radiation field. Note that propagation in free space, characterized by the Hamiltonian ␣p 2 , is also an exmple of SU͑1,1͒ symmetry and so is the more general Hamiltonian of the form ␣p 2 ϩ␤x 2 ϩ␥xp, which can be written as linear combinations of SU͑1,1͒ generators. Thus SU͑1,1͒ ideas will directly be applicable to, for example, atom optics. Furthermore, a variety of SU͑1,1͒ coherent states for trapped ions ͓28͔ and for phonons ͓29͔ have been constructed.
The plan of the paper is as follows. In Sec. II, we present a group theoretic perspective of a general reconstruction procedure for quantum states. In Sec. III, we apply our method to reconstruct some important SU͑1,1͒ states. The paper ends with concluding remarks in Sec. IV.
II. USING GROUP SYMMETRIES FOR STATE RECONSTRUCTION
Let us first recall the principles of photon number tomography. Several workers have suggested a procedure whereby the initial state of the radiation field described by the density matrix, (in) , is displaced by different amounts, *Also at Jawaharlal Nehru Center for Advanced Scientific Research, Bangalore, India.
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